In this paper we examine some topological properties of soft fuzzy metric space which introduced in [5]. We define the concepts such as countability, convergence, completeness in soft fuzzy metric spaces and also we establish some related theorems to this definitions.
Introduction
Molodtsov [9] introduced soft sets as a mathematical tool to handle uncertainity associated with real world data based promlems and established the fundamental results of this new concept. The soft set is a parametrized family of subsets of the universal set. The parameter set may be any collection of cohice, sentences, natural numbers etc. Hence, soft set theory has compelling applications in several diverse fields. Later, many authors generalized soft set theory [6, 14, 7, 13, 15 ] . An interesting and important generalization of it were given by Maji et al. [11, 12] . They made a theoritical study of the soft set theory and presented an application of soft sets in a decision making problem. Das and Samanta [4, 2, 3] made contribution to this field by introducing a notion of soft metric space which is based on soft point of soft sets as following:
A mapping d : SP(X) × SP(X) → R(A * ), is said to be a soft metric on the soft setX if d satisfies the following conditions: The soft setX with a soft metric d onX is called a soft metric space and denoted by (X, d, A) or (X, d). Let X ⊂ R be a non empty set and A ⊂ R be a non empty set of parameters. LetX be the absolute soft set i.e., F(λ) = X, ∀λ ∈ A, where (F, A) =X. Letx denote the soft real number such thatx(λ) = x, ∀λ ∈ A. Define d : SP(X) × SP(X) → R(A * ) by, d(P x λ , P y µ ) = x −ȳ + λ −μ for all P x λ , P y µ∈X ; where |.| denotes the modulus of soft real numbers. Then d is a soft metric onX.
The notion of soft topology on a soft set was introduced by Ç agman et.al [10] and some basic properties of soft topological spaces were studied. Fuzzy soft topological spaces were studied by Neog et. al [16] and Mahanta and Das [8] .
Very recently, Erduran et al. [5] gave a new definition which is called soft fuzzy metric spaces, by using soft points of soft sets and soft real numbers of soft real sets. For this notion they gave definition soft t-norm * for the triangle inequality of soft fuzzy metric and gave some properties of soft t-norm. Also, they have examined the some topological structure of this space and presented some illustrate examples. This new notion is so different from the definitions of fuzzy soft metric which is defined by Beaula and Gunaseli [1] as following:
is said to be a fuzzy soft metric on F E if d satisfies the following conditions:
Note that one of the main difference from fuzzy soft metric is to be the range of soft fuzzy metric on interval [0, 1](E) which means soft real numbers in [0, 1]. The contributions of the study carried out in this paper can be summarized as follows:
In section 2, basic concepts about soft set theory are given. Then, the definition of soft fuzzy metric space is reminded and some topological properties of this space are given.
In section 3, the definition of first countability, second countability and separability of soft fuzzy metric space are given and also the relations between this notions are examined. Section 4 contains completeness of soft fuzzy metric space. The concept of convergent sequence and Cauchy sequence are studied and some basic theorems are established in soft fuzzy metric spaces.
Section 5 concludes the paper.
This study is also a starting point for the future research in the structure of soft fuzzy topological spaces. Different topological concepts can be reformulated in soft fuzzy topological spaces. This new theory has application in control theory, convex optimization, differential equations and economics.
Preliminaries
Throughout this paper X denotes initial universe set, E denotes the set of all possible parameters which are attributes, characteristic or properties of the objects in X and the set of all subsets of X will be denoted by P(X) . Definition 2.1. [9] Let X be the initial universe set and E be the set of parameters. A pair (F, E) or F E is called a soft set over X, where F is mapping given by F : E → P(X). In other words, the soft set is a parameterized of subsets of the set X. For e ∈ E, F(e) may be considered as the set of eelements of the soft set (F, E) or as the set of e-approximate elements of the soft set of (F, E). Definition 2.2. [6] Let X be the initial universe set, E be the set of parameters and A ⊂ E. Then the mapping F : E → P(X) defined by, e ∈ A, F(e) ∅, e A, F(e) = ∅.
The set of all soft set over X is denoted by S(X, E). Definition 2.3. [6] The complement of a soft set F is denoted by F c , where F c : E → P(X) is a mapping given by F c (e) = X − F(e), for all e ∈ E. Definition 2.4. [12] A soft set (F, E) over X is said to be an absolute soft set denoted byX if for all e ∈ E, F(e) = X. Definition 2.5. [12] A soft set (F, E) over X is said to be a null soft set denoted by Φ if for all e ∈ E, F(e) = ∅. In particular, if (F, E) is a singleton soft set, then identifying (F, E) with the corresponding soft element, we will call it a soft real number. R(E) denotes the set of all soft real numbers. We use notationsr,s,t to denote soft real numbers. Definition 2.7. [3] For two soft real numbersr,s ∈ R(E) we define:
(1)r≤s ifr(λ) ≤s(λ), for all λ ∈ E.
(2)r≥s ifr(λ) ≥s(λ), for all λ ∈ E. Definition 2.9. [4] A soft set (F, A) over X is said to be a soft point, if there exist x ∈ X and e ∈ E such that F(e) = {x} and F(e ) = ∅ some x ∈ X and ∀e ∈ E \ {e}. It will be denoted byx e . Definition 2.10. [4] A soft pointx e is said to be belongs to a soft set (G, A), if for the element e ∈ E; F(e) = {x} ⊂ G(e). We writex e∈ (G, A). Definition 2.11. [4] Two soft pointsx e 1 ,ỹ e 2 are said to be equal if e 1 = e 2 and x = y. Ifx e 1 ỹ e 2 ⇔ x y or e 1 e 2 . Proposition 2.12. [4] The union of any collection of soft points can be considered as a soft set and every soft set can be expressed as union of all soft points belonging to it; i.e., (F, A) = x e∈ (F,A)xe .
Remark 2.13. [4] If B be a collections of soft points, then the soft set generated by taking all the soft points of B will be denoted by SS(B), whereas the collection of all soft points of a soft set (F, A) will be expressed by SP(F, A). 
Soft Fuzzy Metric Space
Let X be a non-empty set and E be the nonempty set of parameters. LetX be an absolute soft set, SP(X) be the collection of all soft points ofX and R(E) * denote the set of all non-negative soft real numbers. Soft real numbers in the [0, 1] and (0, ∞) are indicated by [0, 1](E) and (0, ∞)(E) respectively.
. * is called continuous soft t−norm if * satisfying the following conditions:
(1) * is commutative and associativite.
(2) * is continuous. (1) For anyr 1 ,r 2∈ (0, 1)(E) withr 1>r2 , there existsr 3∈ (0, 1)(E) such thatr 1 * r3≥r2 .
(2) For anyr 4∈ (0, 1)(E), there existsr 5∈ (0, 1)(E) such thatr 4 * r4≥r5 .
is said to be a soft fuzzy metric on the soft setX, if S satisfies the following conditions:
(1) S(x e 1 ,ỹ e 2 ,t)>0, for allx e 1 ,ỹ e 2∈X andt>0.
(2) S(x e 1 ,ỹ e 2 ,t) =1 if and only ifx e 1 =ỹ e 2 , for allx e 1 ,ỹ e 2∈X andt>0.
The soft setX with a soft fuzzy metric S onX is called a soft fuzzy metric space and denoted by (X, S, * ). Definition 2.18. [5] Let X , S, * be soft fuzzy metric space,r∈ (0, 1) (E) andt>0. For anyx e 1∈X by an open ball with centrex e 1 and radiusr, we mean the collection of soft points ofX satisfying S x e 1 ,ỹ e 2 ,t >1 r. The open ball with centrex e 1 and radiusr with respect tot is denoted by B S x e 1 ,r,t . That is, B S x e 1 ,r,t = ỹ e 2 : S x e 1 ,ỹ e 2 ,t >1 r ⊂SP X . SS B S x e 1 ,r,t will be called a soft open ball with centrex e 1 and radiusr with respect tot.
Note that B S x e 1 ,r,t is a collection of soft points onX and SS B S x e 1 ,r,t is a soft set onX. Definition 2.19. [5] Let X , S, * be soft fuzzy metric space,r∈ (0, 1) (E) andt>0. For anyx e 1∈X by a closed ball with centrex e 1 and radiusr, we mean the collection of soft points ofX satisfying S x e 1 ,ỹ e 2 ,t ≥1 r. The closed ball with centrex e 1 and radiusr with respect tot is denoted by B S x e 1 ,r,t .
That is, B S x e 1 ,r,t = ỹ e 2 : S x e 1 ,ỹ e 2 ,t ≥1 r ⊂SP X . SS B S x e 1 ,r,t will be called a soft closed ball with centrex e 1 and radiusr with respect tot.
Note that B S x e 1 ,r,t is a collection of soft points onX and SS B S x e 1 ,r,t is a soft set onX. Definition 2.20. [5] Let (X, S, * ) be a soft fuzzy metric space, (Y, A) be a non-empty soft subset ofX and * be continuous soft t-norm. Then the mapping
for allx e 1 ,ỹ e 2∈ (Y, A) is a soft fuzzy metric on (Y, A). This soft fuzzy metric is known as the relative soft fuzzy metric induced on (Y, A) by S.The soft fuzzy metric space ((Y, A), S Y , * ) is called a subspace of the soft fuzzy metric space (X, S, * ). Definition 2.21. [5] Let (X, S, * ) be a soft fuzzy metric space having at least two soft points. Then (X, S, * ) is said to have Hausdorff property, ifx e 1 ,ỹ e 2 inX with S(x e 1 ,ỹ e 2 ,t)<1, then there are two soft open balls SS B S (x e 1 ,r,t) and SS(B S (ỹ e 2 ,r,t)) with centrex e 1 andỹ e 2 respectively and radiusr∈(0, 1)(E) with respect tõ t such that SS B S (x e 1 ,r,t) ∩ SS B S (ỹ e 2 ,r,t) =∅.
Theorem 2.22. [5] Every soft fuzzy metric space is Hausdorff.
Definition 2.23. [5] Let (X, S, * ) be a soft fuzzy metric space andx e 1∈X . A collection N(x e 1 ) of soft points containing the soft pointx e 1 is said to be neighbourhood of the soft pointx e 1 , if there existr∈(0, 1)(E) and t>0 such thatx e 1 ∈ B s (x e 1 ,r,t) ⊂ N(x e 1 ).
SS(N(x e 1 )) will be called a soft neighbourhood of the soft pointx e 1 .
Definition 2.24. [5] Let (Y, A) be a soft subset in a soft fuzzy metric space (X, S, * ). Thenx e 1 is said to be interior point of the soft set (Y, A), if there existr∈(0, 1)(E) andt>0 such thatx e 1 ∈ B s (x e 1 ,r,t) ⊂ SP(Y, A).
Definition 2.25. [5] Let (X, S, * ) be a soft fuzyy metric space and (Y, A) be a non-empty soft subset ofX in (X, S, * ). Then (Y, A) is said to be soft open inX with respect to S if and only if all soft points of (Y, A) be interior points of (Y, A).
Theorem 2.26. [5] Let X , S, * be a soft fuzzy metric space. Define
Then τ S is a topology onX. Theorem 2.28. [5] In any soft fuzzy metric space X , S, * ,
(1) Φ andX are soft closed.
(2) Arbitary intersection of soft closed sets is soft closed.
(3) Union of a finite number of closed sets is closed.
Definition 2.29. [5] Let (X, S, * ) be a soft fuzzy metric space and (Y, A)⊂X. A soft pointx e 1∈X is said to be a soft limit point of (Y, A), if and only if every soft open ball SS(B s (x e 1 ,r,t)) containingx e 1 in (X, S, * ) consist at least one soft point of (Y, A), other thenx e 1 .
A soft limit point of soft set (Y, A) may or may not belong to the soft set (Y, A).
Definition 2.30. [5] Let (X, S, * ) be a soft fuzzy metric space and (Y, A)⊂X. Then the soft set generated by the collection of all soft points of (Y, A) and soft limit points of (Y, A) in (X, S, * ) is said to be soft closure of (Y, A) in (X, S, * ). It is denoted by (Y, A).
Countability of Soft Fuzzy Metric Spaces
In this section, we give some definitions about countability and examine relationships between these definitions in soft fuzzy metric spaces. The base β of soft fuzzy metric space X , S, * can be shown as β = B S {(x e 1 ,r,t :x e 1∈X ,t>0, andr∈(0, 1)(E)}. that for any soft neighbourhod SS(N * (x e 1 )) ofx e 1 there exists m ∈ N with SS(B m )⊂SS(N * (x e 1 )).
Proof. Letx e 1∈X be arbitary. Take any soft neighbourhood SS(N * (x e 1 )) ofx e 1 . By the definition of soft neighbourhood; there existr∈(0, 1)(E) andt>0 such that;x e 1∈ SS(B S x e 1 ,r,t )⊂SS(N * (x e 1 )). Now let;
r(e) = r e , ∀e ∈ A, t(e) = t e , ∀e ∈ A.
Then it is clear that r e ∈ (0, 1) and t e > 0. We obtainỹ e 2∈ SS(B S x e 1 ,r,t ), so SS(B m )⊂SS(B S x e 1 ,r,t )⊂SS(N * (x e 1 )).
Remark 3.6. However for a soft metric space having an infinite set of parameters the above result does not hold. For an infinite set A of parameters and for m e ∈ N, for each e ∈ A the choice m > m e , ∀e ∈ A is not necessarily a finite number. Proof. Let X , S, * be a second countable soft fuzzy metric space. Then there exists a countable base β for soft fuzzy metric space X , S, * . Then for eachx e 1∈X , we have that the following collection of open neighbourhoods is a local base forx e 1 :
Then the local base ofx e 1 defined above is a subset of the base β for eachx e 1∈X , i.e., for allx e 1∈X , βx e 1⊂ β. However, the subset of a countable set is countable. Therefore each βx e 1 is countable. Therefore everyx e 1∈X has a countable local base βx e 1 . Hence X , S, * is first countable. 
Completeness of soft fuzzy metric spaces
In this section we give some properties of completeness of soft fuzzy metric spaces.
Definition 4.1. Let x n e j be a sequence of soft points in a soft fuzzy metric space X , S, * . The sequence x n e j is said to be convergent to a soft pointx 0 e j ∈X (for shortx n e j →x 0 e j ) if for allt>0, lim n→∞ S x n e j ,x 0 e j ,t = 1.
This means, for every 0<ε<1 andt>0, there exist n 0 ∈ N such thatx n e j ∈ SS B S x 0 e j ,ε,t for all n ≥ n 0 . It follows that S x n e j ,x 0 e j ,t >1 ε.
Definition 4.2.
A sequence x n e j in a soft fuzzy metric space X , S, * is called a Cauchy sequence, if for each 0<ε<1 andt>0, there exist n 0 ∈ N such that S x n e j ,x m e j ,t >1 ε for all n, m ≥ n 0 . A sequence x n e j of soft points in X , S, * is said to be bounded if there exist a positive soft real numberM>0 such that S x n e j ,x m e j ,t <M for allt>0.
Theorem 4.5. Every convergent sequence in X , S, * is Cauchy sequence.
Proof. Let x n e j be a sequence in X , S, * and converges to a soft pointx 0 e j . Then, we have for every 0<ε<1 andt>0, S x n e j ,x 0 e j ,t >1 ε for all n ≥ n 0 . For every 0<ε<1 we choose 0<s<1 such that 1 ε * 1 ε >1 s. Therefore, S x n e j ,x m e j ,t ≥ S x n e j ,x 0 e j ,t 2 * S x 0 e j ,x m e j ,t 2 > 1 ε * 1 ε > 1 s for all n, m ≥ n 0 .Thus x n e j is Cauchy sequence.
Theorem 4.6. Let X , S, * be a soft fuzzy metric space. If every Cauchy sequence inX has a convergent subsequence, then X , S, * is complete.
Proof. Let x n e j be a Cauchy sequence and let x n k e j be a subsequence of x n e j that converges tox 0 e j . We prove thatx n e j →x 0 e j . Let t >0 and 0<ε<1 . Choose 0<r<1 such that 1 r * 1 r ≥ 1 ε . Since x n e j is a Cauchy sequence, there is n 0 ∈ N such that S x n e j ,x m e j ,˜t 2 >1 r for all n, m ≥ n 0 . Sincex n k e j →x 0 e j , there is a positive integer n p such that n 0 > n p , S x n p e j ,x 0 e j ,˜t 2 >1 r. Then, if n ≥ n 0 , S x n e j ,x 0 e j ,t >S x n e j ,x n p e j ,t 2 * S x n p e j ,x 0 e j ,t 2 > 1 r * 1 r ≥ 1 ε .
Thereforex n e j →x 0 e j and hence X , S, * is complete. Proof. Suppose that (Y, A) is a closed subset ofX and let x n e j be a Cauchy sequence in Ỹ , S Y , * . Then x n e j is a Cauchy sequence in X , S, * and hence there is a soft pointx 0 e j inX such thatx n e j →x 0 e j . Theñ x 0 e j∈ (Y, A) = (Y, A) and thus x n e j converges in (Y, A). Hence Ỹ , S Y , * is complete. Conversely, suppose that Y, S Y , * is complete and (Y, A) is not closed. Letx 0 e j∈ (Y, A) \ (Y, A). Then there is a sequence x n e j of soft points in (Y, A) that converges tox 0 e j and thus x n e j is a Cauchy sequence. Thus for each 0<ε<1 and each t>0 there exist n 0 ∈ N such that S x n e j ,x m e j ,t >1 ε for all n, m ≥ n 0 . Since x n e j is a sequence in (Y, A), S x n e j ,x m e j ,t = S Y x n e j ,x m e j ,t . Therefore x n e j is a Cauchy sequence in (Y, A). Since Ỹ , S Y , * is complete there is aỹ 0 e j∈ (Y, A) such thatx n e j →ỹ 0 e j . That is, for each 0<ε<1 and eacht>0 there exist n 0 ∈ N such that S Y x n e j ,ỹ 0 e j ,t >1 ε all n ≥ n 0 .But since x n e j is a sequence in (Y, A) andỹ 0 e j∈ (Y, A), S x n e j ,ỹ 0 e j ,t = S Y x n e j ,ỹ 0 e j ,t . Hence x n e j converges in X , S, * to bothx 0 e j andỹ 0 e j . Sincex 0 e j˜ (Y, A) andỹ 0 e j∈ (Y, A),x 0 e j ỹ 0 e j . This is a contradiction.
Definition 4.8. Let X , S, * be a soft fuzzy metric space. A collection {(Y, A) n } n∈N is said to have soft fuzzy diameter zero if for each 0<r<1 and eacht>0 , there exist n 0 ∈ N such that S x e 1 ,ỹ e 2 ,t >1 r for all x e 1 ,ỹ e 2∈ (Y, A) n 0 . Definition 4.9. Let X , S, * be a soft fuzzy metric space Proof. Suppose that the given condition is hold and x n e j be a Cauchy sequence of soft points inX . Set (Z, A) n = x k e j : k ≥ n and (Y, A) n = (Z, A) n . We show that {(Y, A) n } has soft fuzzy diameter zero. For given 0<s <1 andt>0, we choose 0<r<1 such that 1 r * 1 r * 1 r >1 s. Since x n e j is Cauchy sequence, there exist n 0 ∈ N such that S x n e j ,x m e j ,˜t 3 >1 r for all n, m ≥ n 0 . Therefore, S x 0 e 1 ,ỹ e 2 ,˜t 3 >1 r for allx 0 e 1 ,ỹ 0 e 2∈ (Z, A) n 0 . Letx 0 e 1 ,ỹ 0 e 2∈ (Y, A) n 0 . Then there exist sequences x n e j and ỹ n e j in (Z, A) n 0 such thatx n e j →x 0 e 1 andỹ n e j →ỹ 0 e 2 . Hencex n e j∈ SS(B S (x 0 e 1 ,r,˜t 3 )) andỹ n e j∈ SS(B S (ỹ 0 e 2 ,r,˜t 3 ) for sufficiently large n ∈ N. Now, we have S x 0 e 1 ,ỹ 0 e 2 ,t ≥ S x 0 e 1 ,x n e j ,t 3 * S x n e j ,ỹ n e j ,t 3 * S ỹ n e j ,ỹ 0 e 2 ,t 3 > 1 r * 1 r * 1 r > 1 s.
Therefore, S x 0 e 1 ,ỹ 0 e 2 ,t >1 s for allx 0 e 1 ,ỹ 0 e 2∈ (Y, A) n 0 . Thus {(Y, A) n } has soft fuzzy diameter zero and hence by hypotesis˜ n∈N (Y, A) n is nonempty. Takex 0 e 1∈˜ n∈N (Y, A) n . We show thatx n e j →x 0 e 1 . Then, for 0<r<1andt>0, there exist n 1 ∈ N such that S x n e j ,x 0 e 1 ,t >1 r for all n ≥ n 1 . Therefore, for eacht>0, S x n e j ,x 0 e 1 ,t → 1 as n → ∞ and hencex n e j →x 0 e 1 . Thus X , S, * is complete.
Conversely, suppose that X , S, * is complete and {(Y, A) n } is nested sequence of nonempty colsed soft sets with soft fuzzy diameter zero. For each n ∈ N, choose a soft pointx n e j∈ (Y, A) n . We claim that the sequence x n e j of soft points is Cauchy sequence inX. Since {(Y, A) n } has soft fuzzy diameter zero, fort>0 and 0<r<1 there exist n 0 ∈ N such that S x 0 e 1 ,ỹ 0 e 2 ,t >1 r for allx 0 e 1 ,ỹ 0 e 2∈ (Y, A) n 0 . Since {(Y, A) n } is nested sequence S x n e j ,x m e j ,t >1 r for all n, m ≥ n 0 . Thus x n e j is a Cauchy sequence. Since X , S, * is complete,x n e j →x 0 e j for somex 0 e j∈X . Therefore, for every n ∈ N,x 0 e j∈ (Y, A) n = (Y, A) n . Thusx 0 e j∈˜ n∈N (Y, A) n .
Conclusion
Erduran et al. [5] introduced soft fuzzy metric spaces and examined some topological structures in this new space. In this paper we have studied first and second countability, completeness and separable of soft fuzzy metric spaces. Our results can be applied in control theory, convex optimization, differential equations and economics.
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